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AN ASCENT EXISTENCE AND UNIQUENESS PROOF 
FOR LINEAR ORDINARY DIFFERENTIAL EQUATIONS~ 
E .  J .  P e l l i c c i a r o  
I. In t roduc t ion .  The t y p i c a l  ex i s t ence  and uniqueness 
theorem f o r  i n i t i a l  value problems f o r  l i n e a r  ord inary  
d i f f e r e n t i a l  equat ions i s  t r a d i t i o n a l l y  obtained a s  a 
c o r o l l a r y  t o  an i n i t i a l  value problem f o r  a l i n e a r  o r  non- 
l i n e a r  vec tor  d i f f e r e n t i a l  equat ion.  
method of a scen t  proof which, s t a r t i n g  with t h e  s o l u t i o n s  of 
t h e  f i r s t  o rde r  l i n e a r  d i f f e r e n t i a l  equat ion,  desc r ibes  
T h i s  paper g ives  a 
i n d u c t i v e l y  the s o l u t i o n s  of t h e  n - th  o rde r  equat ion i n  terms 
of those  of t h e  n -1s t  o r d e r .  
t i o n  formula which can e a s i l y  be  v e r i f i e d  by d i r e c t  sub- 
s t i t u t i o n  t o  be a s o l u t i o n  indeed. P a r t i c u l a r l y  i n t e r e s t i n g  
i s  the manner i n  which the  so lu t ionsof  the n-1s t  o rde r  
equat ion  appear i n  t h e  formula, e s p e c i a l l y  i n  connection 
wi th  t h e i r  r o l e  i n  t h e  generat ion of  l i n e a r l y  independent 
s o l u t i o n s .  A second form, a V o l t e r r a  form, of t he  s o l u t i o n  
i s  inc luded .  Merit 05 the  f i r s t  i s  seen i n  i t s  s i m p l i c i t y ,  
i n  bo th  d e r i v a t i o n  and form, and i n  i t s  a d a p t a b i l i t y  t o  
v e r i f i c a t i o n .  
method of reduct ion  of o rde r .  
The proof provides a r ep resen ta -  
The method i t se l f  is  a coun te rpa r t  of t h e  
i 
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be  
continuous func t ions  on t h e  bounded c losed  i n t e r v a l  I 
Pn 2 .  - The Induc t ive  Assumption. L e t  pl, ..., 
conta in ing  the poin t  x - 0. Define the  k- th  o r d e r  l i n e a r  
d i f f e r e n t i a l  o p e r a t o r  Lk f o r  k - 1,. . ., n symbolical ly  by 
I n  s ta tements  of i n i t i a l  value problems yo, y o , .  I . ., yo (n-1) 
denote as i s  the  custom a r b i t r a r y  numbers. 
I n  o rde r  t o  implement  t h e  induc t ive  argument presented ,  
t he  fol lowing assumption concerning t h e  s o l u t i o n s  of 
Ln-lY = 0 i s  made. 
Assumption. The i n i t i a l  va lue  problem Ln,ly = 0, 
(“-*)(O) - yLn-2) has  e x a c t l y  one s o l u t i o n .  Y(0) Yo’ - 9  YO 
The assumption i s  t r i v i a l l y  v a l i d  f o r  n = 2 .  I n  
fact ,  a func t ion  f.l is  a so lu t ion  of L1y = 0, y(0) = yo 
i f  and only i f  
X 
O(x) - yoexpJ pl(s)ds  for x E I. 
0 
To f u r t h e r  implement t h e  argument, the  fol lowing 
theorem, an easy  consequence of  t he  assumption, i s  s t a t e d  
wi thout  proof .  The theorem and i t s  proof presumes only t h e  
most elementary knowledge of the  Wronskian as  r equ i r ed  by 
t h e  s i m p l e  and e f f e c t i v e  method of v a r i a t i o n  of parameters.  
The somewhat more soph i s t i ca t ed  Greenr s func t ion  method 
could  be used i f  one p r e f e r s .  
. .  P e l 1  icc i a r o  3 
Theorem 1. L e t  ul, . . . , u be s o l u t i o n s  of n-1 - 
= 0 s a t i s f y i n g  u (i+(()) p 6 i j  > i = l,..*, n - 1. 
Ln-lY j 
Then, a func t ion  fl is  a so lu t ion  of t he  i n i t i a l  va lue  
problem 
i f  and only i f  
where 
and W i s  
j 
i n  which W i s  the  Wronskian of ul, . . . , u 
t h e  co fac to r  of u (n-2) 
W,(s) 3 1 when n = 2. 
n-1 
i n  W ,  wi th  the  agreement t h a t  
j 
3 .  An - Equivalent  I n t e g r a l  Equation. Assume t h a t  fl i s  
a s o l u t i o n  of the  i n i t i a l  value problem 
Then, f o r  x E I, 
P e l l i c c i a r o  . .  4 
from which, i n  the  presence o f  theorem 1, i t  fol lows t h a t  
@ /  i s  uniquely descr ibed  by 
so  t h a t  
Conversely now, i f  fj i s  a continuous func t ion  on I f o r  
which (4 )  holds w i t h  
then fi4 exists on I and is  i n  fac t  given by ( 3 ) .  From 
t h i s  then i t  i s  e a s i l y  argued w i t h . t h e  a i d  of knowledge of 
t h e  method of  v a r i a t i o n  parameters ( o r  t h e  p r o p e r t i e s  of  
Green's func t ion)  t h a t  @", . . ., @(n) also e x i s t  on I and 
moreover t h a t  f j '  s a t i s f i e s  (2) f o r  x E I .  Thus, @ i s  a 
s o l u t i o n  of (1) s i n c e ,  from ( 4 ) ,  O(0) = yo. This  completes 
t h e  proof of t h e  fol lowing equivalence theorem. 
and G as p e r  theorem 1, n-1 u l , . .  ., u 
- .  . P e l l i c c i a r o  5 
Theorem - 2 .  A continuous func t ion  8 on I is a 
s o l u t i o n  of (1) if and only i f  f’~ satisfies ( 4 ) .  
4 .  - The So lu t ion .  
(1) i s  equ iva len t ly  rep laced  by the  problem of f i n d i n g  a 
continuous func t ion  fl on I f o r  which (4 )  ho lds .  The 
t a s k  i s  n o t a t i o n a l l y  s impl i f i ed  wi th  t h e  i n t r o d u c t i o n  of 
t h e  l i n e a r  double i n t e g r a l  opera tor  S def ined  f o r  con- 
t inuous func t ions  f on I by 
The problem o f  f ind ing  a s o l u t i o n  of 
C l e a r l y ,  if f i s  continuous on I ,  so  is  S f ,  hence so  
i s  SSf.  For continuous func t ions  f on I then,  d e f i n e  
Sof = f ,  S f = Sf ,  and then Skf = SSk-’f f o r  k = I, 2 ,... . 1 
Concerning Sk, the fol lowing two l e m m a s  prove u s e f u l  
i n  t h e  s ta tement  and proof of theorem 3 below. A s  t h e i r  
p roofs  are s t r a igh t fo rward ,  they are omi t ted .  
Lemma 1. L e t  € be a confinuous func t ion  on I ,  
hence bounded on I by s a y  M .  Then S k f i s  continuous 
on I ;  moreover, t h e r e  exists H such t h a t  \Skf (x)  \ 5 MHk/k! 
f o r  k = 0,1, 2 ,... and x E I .  
- 
Lemma - 2 .  I f  f i s  continuous on I ,  then Skf 
k=O 
I. converges uniformly to  a continuous func t ion  on 
P e l l i c c i a r o  6 
. Theorem 3 .  L e t  f be a continuous func t ion  on I .  - 
Then the re  exis ts  one and only one continuous func t ion  




Proof .  That 0 = f + SO f o r  0 so  given i s  
immediate i n  t h e  presence of  lemma 2 .  
(8 i s  a consequence of  l e m m a  1. For i f  Y i s  continuous 
on I and Y = f + S Y ,  then 0 - Y = S ( @  - Y) i m p l i e s  
@ - Y = S ( O  k 
fl = Y v i a  l e m m a  1. 
The uniqueness o f  
- Y), k = 1, 2,  ..., and hence i n  tu rn  t h a t  
Corol la ry .  A funct ion 0 i s  a s o l u t i o n  of (3)  
i f  and only i f  
Agreeing t h a t  S k f = Sk when f ( x )  5 1, a se t  o f  
l i n e a r l y  independent so lu t ions  y1 , . . . , yn such t h a t  
i - l,..., n, generated by (5) i s  given by 
. 
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5 .  The Case n = 2 .  The second o r d e r  l i n e a r  equat ion,  ---
i n t e r e s t i n g  i n  i t s e l f ,  deserves i n d i v i d u a l  a t t e n t i o n .  For  
t h i s  case the  i n t e g r a l  equation (4 )  becomes 
X 
E ( t ) d t  
0 
X 
where E ( x )  = exp! pl(s)ds  and E-l(x) = l / E ( x ) .  The 
0 
func t ion  def ined  by 
i s  t h e  unique s o l u t i o n  of L2y = 0, y(0) = yo, y O ( 0 )  = y:. 
A p a i r  of l i n e a r l y  independent s o l u t i o n s  of 
t h e  p a i r  
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A comparison of t h e  s o l u t i o n  
of L1Y = P2' i ( 0 )  = Yo with the  i n t e g r a l  equat ion and 
t h e  p a i r  yl, y2 i s  worthy of n o t e .  
6. A Simple  Reduction o f  t he  I n t e g r a l  Equation t o  a - -  - --
V o l t e r r a  Equation. With the r e s t r i c t i o n  t h a t  f be con- 
t inuous on I aad x E I ,  a change i n  t h e  o rde r  of 
i n t e g r a t i o n  i n  Sf r e s u l t s  in 
where 
*? 
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WiLh t h i s  the-., (4 )  assumes t h e  form 
a Vo l t e r r a  i n t e g r a l  equat ion .  
such equat ions ,  t he  unique so lu t ion  of (6) f o r  f continuous 
on I i s  
Borrowing from the  theory of  
(7) 
where K i s  t h e  r e so lven t  of g def ined  f o r  x , s  E I by 
wi th  KO = g and 
That  1 Kk converges uniformly i n  (x , s )  t o  K, continuous 
i n  (x,s) f o r  x , s  E I ,  i s  immediate because every Kk i s  
continuous i n  (x , s )  for x , s  E I and because, moreover, 
t h e r e  e x i s t s  M and H such t h a t  \Kk(x,s) I MHk/k!, 
k = 0 ,  1 , 2  ,... and x , s ~ I .  
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The s o l u t i o n  of (6) , hence of ( 4 ) ,  hence of  (1) , i n  
t h e  form of  (7) can a l s o  be  obtained by observing t h a t  
X 
Skf(x)  = g(x,s)Sk-’f(s)ds, k = 1, 2, ... , 
0 
s o  t h a t ,  a f t e r  appropr i a t e  changes i n  the o r d e r  of i n t e g r a t i o n ,  
and hence t h a t  
X @3 1 Skf(x)  = f ( x )  + [ K ( x , s ) f ( s ) d s ,  
k=O 0 
i n  view of uniform convergence. 
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